We summarize the phase diagrams of SU, SO and Sp gauge theories as function of the number of flavors, colors, and matter representation as well as the ones of phenomenologically relevant chiral gauge theories such as the Bars-Yankielowicz and the generalized Georgi-Glashow models. We finally report on the intriguing possibility of the existence of gauge-duals for nonsupersymmetric gauge theories and the impact on their conformal window.
Phases of Gauge Theories
Models of dynamical breaking of the electroweak symmetry are theoretically appealing and constitute one of the best motivated natural extensions of the standard model (SM). We have proposed several models [1] [2] [3] [4] [5] [6] [7] [8] possessing interesting dynamics relevant for collider phenomenology [9] [10] [11] [12] and cosmology. 7, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] The structure of one of these models, known as Minimal Walking Technicolor, has led to the construction of a new supersymmetric extension of the SM featuring the maximal amount of supersymmetry in four dimension with a clear connection to string theory, i.e. Minimal Super Conformal Technicolor. 32 These models are also being investigated via first principle lattice simulations [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] a . An up-to-date review is Ref. 59 while an excellent review updated till 2003 is Ref. 60 . These are also among the most challenging models to work with since they require deep knowledge of gauge dynamics in a regime where perturbation theory fails. In particular, it is of utmost importance to gain information on the nonperturbative dynamics of non-abelian four dimensional gauge theories. The phase diagram of SU (N ) gauge theories as functions of number of flavors, colors and matter representation has been investigated in. 1, [61] [62] [63] [64] The analytical tools which will be used here for such an exploration are: i) The conjectured physical all orders beta function for nonsupersymmetric gauge theories with fermionic matter in arbitrary representations of the gauge group; 63 ii) The truncated Schwinger-Dyson equation (SD) [65] [66] [67] (referred also as the ladder approximation in the literature); The Appelquist-Cohen-Schmaltz (ACS) conjecture 68 which makes use of the counting of the thermal degrees of freedom at high and low temperature. These are the methods which we have used in our investigations.
a Earlier interesting models [49] [50] [51] have contributed triggering the lattice investigations for the conformal window with theories featuring fermions in the fundamental representation [52] [53] [54] [55] [56] [57] [58] However several very interesting and competing analytic approaches [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] have been proposed in the literature. What is interesting is that despite the very different starting point the various methods agree qualitatively on the main features of the various conformal windows presented here.
Physical all orders Beta Function -Conjecture
Recently we have conjectured an all orders beta function which allows for a bound of the conformal window 63 of SU (N ) gauge theories for any matter representation. The predictions of the conformal window coming from the above beta function are nontrivially supported by all the recent lattice results. 33, 34, [81] [82] [83] [84] [85] In 86 we further assumed the form of the beta function to hold for SO(N ) and Sp(2N ) gauge groups and further extended in 59 to chiral gauge theories. Consider a generic gauge group with N f (r i ) Dirac flavors belonging to the representation r i , i = 1, . . . , k of the gauge group. The conjectured beta function reads:
with
The generators T The beta function is given in terms of the anomalous dimension of the fermion mass γ = −d ln m/d ln µ where m is the renormalized mass, similar to the supersymmetric case. [87] [88] [89] The loss of asymptotic freedom is determined by the change of sign in the first coefficient β 0 of the beta function. This occurs when
At the zero of the beta function we have
Hence, specifying the value of the anomalous dimensions at the IRFP yields the last constraint needed to construct the conformal window. Having reached the zero of the beta function the theory is conformal in the infrared. For a theory to be conformal the dimension of the non-trivial spinless operators must be larger than one in order not to contain negative norm states. [90] [91] [92] Since the dimension of the chiral condensate is 3 − γ i we see that γ i = 2, for all representations r i , yields the maximum possible bound
In the case of a single representation this constraint yields
The actual size of the conformal window can be smaller than the one determined by the bound above, Eq. (3) and (5) . It may happen, in fact, that chiral symmetry breaking is triggered for a value of the anomalous dimension less than two. If this occurs the conformal window shrinks. Within the ladder approximation 65, 66 one finds that chiral symmetry breaking occurs when the anomalous dimension is close to one. Picking γ i = 1 we find:
When considering two distinct representations the conformal window becomes a three dimensional volume, i.e. the conformal house. 62 Of course, we recover the results by Banks and Zaks 93 valid in the perturbative regime of the conformal window. We note that the presence of a physical IRFP requires the vanishing of the beta function for a certain value of the coupling. The opposite however is not necessarily true; the vanishing of the beta function is not a sufficient condition to determine if the theory has a fixed point unless the beta function is physical. By physical we mean that the beta function allows to determine simultaneously other scheme-independent quantities at the fixed point such as the anomalous dimension of the mass of the fermions. This is exactly what our beta function does. In fact, in the case of a single representation, one finds that at the zero of the beta function one has:
Schwinger-Dyson in the Rainbow Approximation
For nonsupersymmetric theories another way to get quantitative estimates is to use the rainbow approximation to the Schwinger-Dyson equation. 94, 95 After a series of approximations (see 59 for a review) one deduces for an SU (N ) gauge theory with N f Dirac fermions transforming according to the representation r the critical number of flavors above which chiral symmetry maybe unbroken:
Comparing with the previous result obtained using the all orders beta function we see that it is the coefficient of C 2 (G)/T (r) which is different. We note that in 96 it has been advocated a coefficient similar to the one of the all-orders beta function.
The SU , SO and Sp phase diagrams
We consider here gauge theories with fermions in any representation of the SU (N ) gauge group 1, [61] [62] [63] 97 using the various analytic methods described above. Here we plot in Fig. 1 the conformal windows for various representations predicted with the physical all orders beta function and the SD approaches. The ladder result provides a size of the window, for every fermion representation, smaller than the maximum bound found earlier. This is a consequence of the value of the anomalous dimension at the lower bound of the window. The unitarity constraint corresponds to γ = 2 while the ladder result is closer to γ ∼ 1. Indeed if we pick γ = 1 our conformal window approaches the ladder result. Incidentally, a value of γ larger than one, still allowed by unitarity, is a welcomed feature when using this window to construct walking technicolor theories. It may allow for the physical value of the mass of the top while avoiding a large violation of flavor changing neutral currents 98 which were investigated in 99 in the case of the ladder approximation for minimal walking models. whenever the sum of the Dynkin indices of the various matter fields is odd. The adjoint of Sp(2N ) is the two-index symmetric tensor.
In Figure 2 we summarize the relevant zero temperature and matter density phase diagram as function of the number of colors and Weyl flavors (N W f ) for Sp(2N ) gauge theories. For the vector representation N W f = 2N f while for the two-index theories N W f = N f . The shape of the various conformal windows are very similar to the ones for SU (N ) gauge theories 1, 61, 63 with the difference that in this case the two-index symmetric representation is the adjoint representation and hence there is one less conformal window. 
The SO(N ) phase diagram
We shall consider SO(N ) theories (for N > 5) since they do not suffer of a Witten anomaly 100 and, besides, for N < 7 can always be reduced to either an SU or an Sp theory.
In Figure 3 we summarize the relevant zero temperature and matter density phase diagram as function of the number of colors and Weyl flavors (N f ) for SO(N ) gauge theories. The shape of the various conformal windows are very similar to the ones for SU (N ) and Sp(2N ) gauge with the difference that in this case the two-index antisymmetric representation is the adjoint representation. We have analyzed only the theories with N ≥ 6 since the remaining smaller N theories can be deduced from Sp and SU using the fact that
The phenomenological relevance of orthogonal gauge groups for models of dynamical electroweak symmetry breaking has been shown in. 7 
Phases of Chiral Gauge Theories
Chiral gauge theories, in which at least part of the matter field content is in complex representations of the gauge group, play an important role in efforts to extend the SM. These include grand unified theories, dynamical breaking of symmetries, and theories of quark and lepton substructure. Chiral theories received much attention in the 1980's. 101, 102 Here we confront the results obtained in Ref. 103, 104 using the thermal degree of count freedom with the generalization of the all orders beta function useful to constrain chiral gauge theories appeared in. 59 The two important class of theories we are going to investigate are the Bars-Yankielowicz (BY) 105 model involving fermions in the two-index symmetric tensor representation, and the other is a generalized Georgi-Glashow (GGG) model involving fermions in the two-index antisymmetric tensor representation. In each case, in addition to fermions in complex representations, a set of p anti fundamental-fundamental pairs are included and the allowed phases are considered as a function of p. An independent relevant study of the phase diagrams of chiral gauge theories appeared in. 75 Here the authors also compare their results with the ones presented below.
All-orders beta function for Chiral Gauge Theories
A generic chiral gauge theory has always a set of matter fields for which one cannot provide a mass term, but it can also contain vector-like matter. We hence suggest the following minimal modification of the all orders beta function 63 for any nonsupersymmetric chiral gauge theory:
where p i is the number of vector like pairs of fermions in the representation r i for which an anomalous dimension of the mass γ i can be defined. β 0 is the standard one loop coefficient of the beta function while β χ expression is readily obtained by imposing that when expanding β χ one recovers the two-loop coefficient correctly and its explicit expression is not relevant here. According to the new beta function gauge theories without vector-like matter but featuring several copies of purely chiral matter will be conformal when the number of copies is such that the first coefficient of the beta function vanishes identically. Using topological excitations an analysis of this case was performed in. The global symmetry group is
Two U (1)'s are the linear combination of the original U (1)'s generated by S → e iθ S S , F → e iθFF and F → e iθ F F that are left invariant by instantons, namely that for which j N Rj T (R j )Q Rj = 0, where Q Rj is the U (1) charge of R j and N Rj denotes the number of copies of R j .
Thus the fermionic content of the theory is where the first SU (N ) is the gauge group,
indicated by the square brackets. From the numerator of the chiral beta function and the knowledge of the one-loop coefficient of the BY perturbative beta function the predicted conformal window is:
with γ * the largest possible value of the anomalous dimension of the mass. The maximum value of the number of p flavors is obtained by setting γ * = 2:
while for γ * = 1 one gets:
The chiral beta function predictions for the conformal window are compared with the thermal degree of freedom investigation as shown in the left panel of Fig. 4 . In order to derive 
The Generalized Georgi-Glashow (GGG) Model
This model is similar to the BY model just considered. It is an SU (N ≥ 5) gauge theory, but with fermions in the anti-symmetric, rather than symmetric, tensor representation. The complete fermion content is A = ψ 
where the two U (1)'s are anomaly free. With respect to this symmetry, the fermion content is
Following the analysis for the BY model the chiral beta function predictions for the conformal window are compared with the thermal degree of freedom investigation and the result is shown in the right panel of Fig. 4. 
Conformal Chiral Dynamics
Our starting point is a nonsupersymmetric non-abelian gauge theory with sufficient massless fermionic matter to develop a nontrivial IRFP. The cartoon of the running of the coupling constant is represented in Fig. 5 . In the plot Λ U is the dynamical scale below which the IRFP is essentially reached. It can be defined as the scale for which α is 2/3 of the fixed point value in a given renormalization scheme. If the theory possesses an IRFP the chiral condensate must vanish at large distances. Here we want to study the behavior of the condensate when a flavor singlet mass term is added to the underlying Lagrangian ∆L = −m ψψ + h.c. with m the fermion mass and ψ 
106,107
The induced physical mass gap is a natural infrared cutoff. We, hence, identify Λ IR with the physical value of the condensate. We find:
We used ψψ ∼ Λ γ U O to relate the expectation value of O to the one of the fermion condensate. Via an allowed axial rotation m is now real and positive. The effects of the Instantons on the conformal dynamics has been investigated in. 108 Here it was shown that the effects of the instantons can be sizable only for a very small number of flavors given that, otherwise, the instanton induced operators are highly irrelevant.
Gauge Duals and Conformal Window
One of the most fascinating possibilities is that generic asymptotically free gauge theories have magnetic duals. In fact, in the late nineties, in a series of ground breaking papers Seiberg 109, 110 provided strong support for the existence of a consistent picture of such a duality within a supersymmetric framework. Arguably the existence of a possible dual of a generic nonsupersymmetric asymptotically free gauge theory able to reproduce its infrared dynamics must match the 't Hooft anomaly conditions.
We have exhibited several solutions of these conditions for QCD in 111 and for certain gauge theories with higher dimensional representations in. 112 An earlier exploration already appeared in the literature. 113 The novelty with respect to these earlier results are: i) The request that the gauge singlet operators associated to the magnetic baryons should be interpreted as bound states of ordinary baryons; 111 ii) The fact that the asymptotically free condition for the dual theory matches the lower bound on the conformal window obtained using the all orders beta function. 63 These extra constraints help restricting further the number of possible gauge duals without diminishing the exactness of the associate solutions with respect to the 't Hooft anomaly conditions. We will briefly summarize here the novel solutions to the 't Hooft anomaly conditions for QCD. The resulting magnetic dual allows to predict the critical number of flavors above which the asymptotically free theory, in the electric variables, enters the conformal regime as predicted using the all orders conjectured beta function. 63 
QCD Duals
The underlying gauge group is SU (3) while the quantum flavor group is
and the classical U A (1) symmetry is destroyed at the quantum level by the Adler-BellJackiw anomaly. We indicate with Q The global anomalies are associated to the triangle diagrams featuring at the vertices three SU (N f ) generators (either all right or all left), or two SU (N f ) generators (all right or all left) and one U V (1) charge. We indicate these anomalies for short with:
For a vector like theory there are no further global anomalies. The cubic anomaly factor, for fermions in fundamental representations, is 1 for Q and −1 forQ while the quadratic anomaly factor is 1 for both leading to
If a magnetic dual of QCD does exist one expects it to be weakly coupled near the critical number of flavors below which one breaks large distance conformality in the electric variables. This idea is depicted in Fig 6. Determining a possible unique dual theory for QCD is, however, not simple given the few mathematical constraints at our disposal. The saturation of the global anomalies is an important tool but is not able to select out a unique solution. We shall see, however, that one of the solutions, when interpreted as the QCD dual, leads to a prediction of a critical number of flavors corresponding exactly to the one obtained via the conjectured all orders beta function.
We seek solutions of the anomaly matching conditions for a gauge theory SU (X) with global symmetry group SU L (N f ) × SU R (N f ) × U V (1) featuring magnetic quarks q and q together with SU (X) gauge singlet states identifiable as baryons built out of the electric quarks Q. Since mesons do not affect directly global anomaly matching conditions we could add them to the spectrum of the dual theory. We study the case in which X is a linear combination of number of flavors and colors of the type αN f + 3β with α and β integer numbers.
We add to the magnetic quarks gauge singlet Weyl fermions which can be identified with the baryons of QCD but massless. Having defined the possible massless matter content of the gauge theory dual to QCD one computes the SU L (N f ) 3 and SU L (N f ) 2 U V (1) global anomalies in terms of the new fields. We have found several solutions to the anomaly matching conditions presented above. Some were found previously in. 113 Here we display a new solution in which the gauge group is SU (2N f − 5N ) with the number of colors N equal to 3. It is, however, convenient to keep the dependence on N explicit. X must assume a value strictly larger
than one otherwise it is an abelian gauge theory. This provides the first nontrivial bound on the number of flavors:
which for N = 3 requires N f > 8. Asymptotic freedom of the newly found theory is dictated by the coefficient of the one-loop beta function :
To this order in perturbation theory the gauge singlet states do not affect the magnetic quark sector and we can hence determine the number of flavors obtained by requiring the dual theory to be asymptotic free. i.e.:
Quite remarkably this value coincides with the one predicted by means of the all orders conjectured beta function for the lowest bound of the conformal window, in the electric variables, when taking the anomalous dimension of the mass to be γ = 2. We recall that for any number of colors N the all orders beta function requires the critical number of flavors to be larger than:
For N=3 the two expressions yield 8.25 b . We consider this a nontrivial and interesting result lending further support to the all orders beta function conjecture and simultaneously suggesting that this theory might, indeed, be the QCD magnetic dual. The actual size of the conformal window matching this possible dual corresponds to setting γ = 2. We note that although for N f = 9 and N = 3 the magnetic gauge group is SU (3) the theory is not trivially QCD given that it features new massless fermions and their interactions with massless mesonic type fields.
Recent suggestions to analyze the conformal window of nonsupersymmetric gauge theories based on different model assumptions 74 are in qualitative agreement with the precise results of the all orders beta function conjecture. It is worth noting that the combination 2N f − 5N appears in the computation of the mass gap for gauge fluctuations presented in. 74, 114 It would be interesting to explore a possible link between these different approaches in the future.
We have also find solutions for which the lower bound of the conformal window is saturated for γ = 1. The predictions from the gauge duals are, however, entirely and surprisingly consistent with the maximum extension of the conformal window obtained using the all orders beta function. 63 Our main conclusion is that the 't Hooft anomaly conditions alone do not exclude the possibility that the maximum extension of the QCD conformal window is the one obtained for a large anomalous dimension of the quark mass.
By computing the same gauge singlet correlators in QCD and its suggested dual, one can directly validate or confute this proposal via lattice simulations.
Conclusions
We investigated the conformal windows of chiral and non-chiral nonsupersymmetric gauge theories with fermions in any representation of the underlying gauge group using four independent analytic methods. For vector-like gauge theories one observes a universal value, i.e. independent of the representation, of the ratio of the area of the maximum extension of the conformal window, predicted using the all orders beta function, to the asymptotically free one, as defined in. 62 It is easy to check from the results presented that this ratio is not only independent on the representation but also on the particular gauge group chosen.
The four methods we used to unveil the conformal windows are the all orders beta function (BF), the SD truncated equation, the thermal degrees of freedom method and possible gauge -duality. They have vastly different starting points and there was no, a priori, reason to agree with each other, even at the qualitative level.
Several questions remain open such as what happens on the right hand side of the infrared fixed point as we increase further the coupling. Does a generic strongly coupled theory develop a new UV fixed point as we increase the coupling beyond the first IR value 115 ? If this were the case our beta function would still be a valid description of the running of the coupling of the constant in the region between the trivial UV fixed point and the neighborhood of the first IR fixed point. One might also consider extending our beta function to take into account of this possibility as done in. 76 It is also possible that no non-trivial UV fixed point forms at higher values of the coupling constant for any value of the number of flavors within the conformal window. Gauge-duals seem to be in agreement with the simplest form of the beta function. The extension of the all orders beta function to take into account fermion masses has appeared in. 116 Our analysis substantially increases the number of asymptotically free gauge theories which can be used to construct SM extensions making use of (near) conformal dynamics. Current Lattice simulations can test our predictions and lend further support or even disprove the emergence of a universal picture possibly relating the phase diagrams of gauge theories of fundamental interactions.
